Table 1: CENG375 Numerical Computations - Formulae Sheet

Yeale = f(xcalc)

Efwd = Yeale — Yexact

Ebackwd = Zeale — Ly Yeale = f(xcalc)

PZL(:C) = f(z) = fla) + fl—(f”)(:c a) + fQ(!“)(:c —a)?+1 3!(“) (r—a)®+...+
—fn(!a) (r—a)"+...

Error of TS = (:c(ni:+ fOHD(€), where € in [a, 7]

Algorithm: Bisection Method

To determine a root of f(z) = 0 that
is accurate within a specified tolerance
value, given values x; and x, such that
f(z) * f(z2) <0,

Repeat

Set 23 = (z1 + x2)/2

If f(z3)* f(z1) <0 Then

Set 19 = x3

Else Set z; = x5 End If

Until (|z1 — 22]) < 2 * tolerance value

Algorithm: Secant Method

To determine a root of f(z) = 0, given
two values, xy and x1, that are near the
root,

If] f (o) < |f(21)] Then

Swap xg with 7

Repeat

Set 9 = x1 — f(x1) * [EETEn)
Set g = 1, Set 1 = x5

Until | f(z2)| < tolerance value

(ro—z1)

Algorithm: False Position Method

To determine a root of f(z) =0, given
two values of g and x; that bracket a
root: that is, f(zo) and f(z1) are of op-
posite sign,
Repeat

Set 19 = 1 —

(zo—21)

F(@1) * Fo)=son
If f(zs) is of opposite sign to f(xo)

Then

Set x1 = xq,
Else

Set x¢g = x9
End If

Until | f(z2)| < tolerance value.

Algorithm: Newton Method

To determine a root of f(z) = 0, given
xo reasonably close to the root,
Compute f(xo), f (x0)

If (f(zo) #0) And (f (zo) # 0) Then
Repeat

Set x1 = xg

Set ¢y = xg — L&)

' (x0)
Until (Jz; — 2| < tolerance valuel)
Or If | f(zg)] < tolerance value2)

End If.

(b—a)

error after n iterations <

2’VL
anrl:xn_f(xn)W, n:O,l,Q,...
$n+1=$n—%, n=20,1,2 ...
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Algorithm: Muller Method :

Given the points z, xg, 1 in increasing value,
Evaluate the corresponding function values: fs, fo, f1.
Repeat

(Evaluate the coefficients of the parabola, av? + bv + ¢,
determined by the three points.

(5627 f2)7 (x07 fO)? (SC[, f1)>

Set hy = @1 — xo; ho = ko — X257 = ho /1.

Set ¢ = fy

_ vhi—fo(l4+)+f2
Set a = vh%(lgv)

_ fi—fo—ah
Set b = hil

(Next, compilte the roots of the polynomial.)

Set root = xg — bi\/ﬁ

Choose root, z,, closest to zy by making the denomina-
tor as large as possible; i.e. if

b > 0, choose plus; otherwise, choose minus.

If x, > xq,

Then rearrange to:xg, 1, and the root

Else rearrange to: xg, x2, and the root

End If.

(In either case, reset subscripts so that zg, is in the mid-
dle.)

Until | f(z,)| < Ftol

V=X — Zo,

hy = x1 — @,
hQZI‘O—ZL‘Q
7=h2/h1,

a(0)? +b(0) + ¢ = fo
ah? +bhy +c= fi
ah? —bhy +c= f,

Cc= f07
q = 1h=fo(l+y)+/f2
Yhi(l+y) 7
h— fi—fo—ah?
hi )

U — 2c
L2 = 53V/% dac’
root = xyg — v

Algorithm: Fixed Point Method

To determine a root of f(z) = 0, given a value x; rea-
sonably close to the root
Rearrange the equation to an equivalent form z = g(z)

Repeat
Set 29 = 1
Set x; = g(x1)

Until |x; — x5| < tolerance value

Tpi1 =9g(zn); n=0,1,2,3,...

Jo(@i vi) Awy + fy (2, i) Ay = — f (24, 45) Tip = T + Ax;
9o (s, i) Axy + gy (245, y:) Ay; = —g(@i, ;) Vi1 = ¥i + Ay

a;y a1 ... QAip I

a21 A29 ... QA9p To
Ar=b— A= | | =1 " |,b=

Ap1 Ap2 ... QOpn Tn

b
by

by
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0
A=L+xU= A= | (X) 1
ESIES

~~

0 X
0 | % 0
1 0

X X

X X |, Ae=bLUx=bLy=0
0 X

U

AT Az = A" — o =A"1

2|y = D i |zi| = sum of magnitudes

1 1/2 .
x|l = iy |2ilP) v szl = G0 al?) /2 — Buclidean norm
||Z]|oo = maz1<i<n|z;| = mazimum — magnitude norm
I|Alli = mazi<j<n >y ai;| = mazimum column sum 1]l = (Zm s 2‘> 1/2
||A||oo = MaTi<i<n E;L 1 |aij| = Maximum row sum f i=1 £aj=1 ""ij
lag| > >0 ilagl,i=1,2,...,n, diagonally dominant

A_bz_ al]
T = - Z] Lt ar®it=1,2,....n

(1) = a1P1(x) + as®s () + ... + 0, P, (2); F(x) = ay + asx + azx® + ... + a,2" !

n-1(2) = y1Lq(x ) + ?/2L2(1‘) + ot yaln(z) =30 Y L4()
Lj(z) = [Tizy P

f@) = G=Bh+ G )
P = (I*£B¢)*P¢+1,j,1+({L’i+j71')*P¢7j,1
bJ Titj—Ti

P.(x) = ap+ (x —xp)a; + (x — zo)(z — x1)as + (v — xo)(x — 1) ... (x — 2p1)ay,
flzs) = fo; flos, x] = £2L flag, 21] = L2805 flag, 21, 20) = flz1,wo]—flzo,z1]

Flwo, @1, ..., an] = f[xl,xzt:-ffn;—fzco T1,efne 1}x1 0 e
Pu(z:) = fi fori=0,1,2,.. ..

Po(x) = flzo] + (x — mo) flwo, z1] + (z — mo)(x — @1) [0, 21, 22]+

(x —x0)(x — 1) (x — 22) fl20, - .y 3] + (x — o) (x — 1) ... (¥ — Tper) flTo, - - -, T
Py(x) = [flzo] + (z — xo) f[xo, fEl] + (2 — mo)(x — 1) flwo, 1, 72

+(x — xo)(x — x1) (2 — x2) [0, 1, T2, T3]

gz(%) = Yi, 1= 07 17 o, — ]-7 gn—l(xn) = Yn; gi(xi-f—l) - gi-i—l(xi-i—l)a 1= 07 17 N 2a
Gi(®iy1) = g (ig1), i=0,1,....n =2y g; (xip1) = g1 (Tiy1), 1 =0,1,...,n—2

=Yi—ys; S =&4+e+...+E=5" % 05/ & 9S/0b

=1 "1
2
Yy =ag+ arx + asz® + ...+ a,a”
B a
o\

—

N oYa xa? wal..oxa |[a] [ZV
)OS F* D O BEND SP - NNNPND DP: aull I > wiY;
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>
<

~ ~—"
11 1 1 1] [wm Y,
Ty Xy Ty ... Iy Yo >oxY;
x a3 a3 Ty ys | = | 2t . AATa = Ba = Ay
fP* (x)dz =0 when n #m

0, n#m
jl%d‘f— T, n=m=~0
7T/2 n=m#0

Toi1(x) = 22T, (x) — Th—1(x); To(z) =1& Ti(x) =2
ES=TS-CS; —T,(z)

fe)=f(z+P)=f(x+2P)=...= f(x — P)= f(r —2P) =
flz)~ 4+ 5% 1[A cos(nz) + Bysin(nz)]
A, :P/QfP]gQ )cos P/an de, n=0,1,2,...

P2
B, _P/2fP/2 x)sin P/an dr, n=1,2,3,...

Fa is even if (1) = () F(@) is odd if J(—2) = (@)
if f(x) is even, ffL f(x)dx = 2f0L f(z)dx

if f(x)isodd, [ f(z)dz=0

A, = %fOL f(x)cos (“F=) dx, n=0,1,2,...

Bn = %fOL f(z)sin (") dx, n=1,2,3,.

‘x a—limAHoM 2
a+Azx a a)—f(a—Azx z+h)—f(z—h
‘x a:_f(+ ) /@), d$|m L= 1@ fA(J: ). f/(x):f(Jr)th( )—f'"(ﬁ)*h
F' f f(z)dz = F(b) — F(a)

ff,.’“ f( )dfﬁ ~ '+f'“(5€z+1 ;) Error = —(1/12)1° f"(§) = O(h?)
f; ~ Z?:Ol g(fl + f2+1) - 2(f0 + 2f1 + 2f2 +...+ 2fn71 + fn)
Global error = (— 1/12)h3nf”(§) O(h®); or

Global error = ~CAp2f7(¢) = O(h?)

where £ in [a, b]




