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Introduction and Motivation

A handful of important probability distribution describe
many of the discrete random variables encountered in
practice.

Binomial distribution : test the effectiveness of a new
drug.

Hypergeometric distribution : test the number of
defective items from a batch of production.

Negative binomial distribution (Geometric
distribution) : the number of trial on which the first
success occurs. (next lecture)

Poisson distribution : the number of outcomes occurring
during a given time interval or in a specified region. (next

lecture)
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e Discrete Uniform Distribution: If the random variable X
assumes the values xi, X2, . . . X, with equal probabilities,

then the discrete uniform distribution (probability mass
function) is given by

f(x;k) = %, X = X1, Xo, ... Xk
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e Discrete Uniform Distribution: If the random variable X
assumes the values xi, X2, . . . X, with equal probabilities,
then the discrete uniform distribution (probability mass
function) is given by

f(x;k) = %, X = X1, Xo, ... Xk

e Example 5.1: When a light bulb is selected at random
from a box that contains a 40-watt bulb, a 60-watt bulb, a
75-watt bulb, and a 100-watt bulb, each element of the
sample space S = {40, 60, 75,100} occurs with
probability 1/4.

Some Discrete
Probability
Distributions |

Dr. Cem Ozdo gan

R

Some Discrete
Probability
Distributions

Introduction and Motivation

Binomial and Multinomial
Distribution

Hypergeometric Distribution

7.4



Discrete Uniform Distribution |

e Discrete Uniform Distribution: If the random variable X
assumes the values xi, X2, . . . X, with equal probabilities,
then the discrete uniform distribution (probability mass
function) is given by

f(x;k) = 1

K’ X = X1,X2,... Xk

e Example 5.1 : When a light bulb is selected at random
from a box that contains a 40-watt bulb, a 60-watt bulb, a
75-watt bulb, and a 100-watt bulb, each element of the
sample space S = {40, 60, 75,100} occurs with
probability 1/4.

e Therefore, we have a uniform distribution, with

1
f(x;4) = 2 X= 40,60, 75,100
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e Discrete Uniform Distribution: If the random variable X
assumes the values xi, X2, . . . X, with equal probabilities,
then the discrete uniform distribution (probability mass
function) is given by

f(x;k) = %, X = X1, Xo, ... Xk

e Example 5.1 : When a light bulb is selected at random
from a box that contains a 40-watt bulb, a 60-watt bulb, a
75-watt bulb, and a 100-watt bulb, each element of the
sample space S = {40, 60, 75,100} occurs with
probability 1/4.

e Therefore, we have a uniform distribution, with
1
f(x;4) = T x = 40,60, 75,100

e Example 5.2: When a die is tossed, each element of the

sample space S = {1,2,3,4,5,6} occurs with probability
1/6.
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e Example 5.2 :Cont.

f(x;6)
e Therefore, we have a uniform 1
distribution, with 6

f(x;6):%,x:1,2,3,4,5,6 L1

Figure: Histogram for the tossing of
a die.

Some Discrete
Probability
Distributions |

Dr. Cem Ozdo gan

Some Discrete
Probability
Distributions

Introduction and Motivation

Binomial and Multinomial
Distribution

Hypergeometric Distribution



Discrete Uniform Distribution I1 e
e Example 5.2 :Cont.

Distributions |

Dr. Cem Ozdo gan

f(x;6)
e Therefore, we have a uniform 1
distribution, with 6
1 ’ : i ; I | Some [_)i}screte
f(X; 6) — 6’ x=1,23,4,56 T B & pe Probability

Distributions

Introduction and Motivation

Figure: Histogram for the tossing of

adle_ guir;ﬁgilioar?dMullinomial
e Theorem 5.1: :

Hypergeometric Distribution

The mean and variance of the discrete uniform distribution
f(x; k) are
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e Therefore, we have a uniform 1 E%’ E %3
distribution, with

6
1 \ l ; I | Some Discrete
f(x;6):6,x:1,2,3,4,5,6 il
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Figure: Histogram for the tossing of

a die. e
Hypergeometric Distribution
e Theorem 5.1: :
The mean and variance of the discrete uniform distribution

f(x; k) are

E(X) = Zx., o2 =

XIH

e Example 5.3 : Referring to Example 5.2 (tossing a die), we
find that

p=35 0>=292
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e An experiment that involve the Bernoulli random variable is
called the Bernoulli experiment or Bernoulli trial.
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random variable X that has just two outcomes (e.g.,
success/failure) with probability p and 1 — p = q, Q%‘%
respectively.

¢ We call the random variable Bernoulli random variable. By
representing a random variable X to be the number of e rete
successes, psrbutions

X — 1, with probability p, ey
- Oa with prObablllty 1- P, Hypergeometric Distribution

e An experiment that involve the Bernoulli random variable is
called the Bernoulli experiment or Bernoulli trial.

e The Bernoulli Probability Distribution  : The probability
distribution of X is given by

P(X =x)=p(x) =p*q" ™, x=0,1

where p is called the parameter of Bernoulli probability
distribution.
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e Since X can be only 0 and 1;

E(X) = Lxp+0xq = p, 0§ = E(X?*)—[E(X)]* = p—p® = pa.

e Example 5.2 : Generalization of the model of tossing a
coin: S = {Success, Failure} with P(Success) = p and
P(Failure) =1 —p =q.

e An experiment often consists of repeated trials, each with

two possible outcomes that may be labeled success or
failure.
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. Distributions
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Discrete Uniform

e An experiment often consists of repeated trials, each with LU
two possible outcomes that may be labeled success or S ——
failure.

e The properties of the Bernoulli Process

e The experiment consists of n repeated trials.

e Each trial is called Bernoulli trial . Each trial results in an
outcome that may be classified as a success or a failure.

¢ We may choose to define either outcome as a success.

e The probability of success, denoted by p, remains constant
from trial to trial.
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e Since X can be only 0 and 1;

E(X) = 1xp+0xq = p, 0% = E(X?)=[E(X)]* = p—p* = pa. %

e Example 5.2 : Generalization of the model of tossing a

Some Discrete

coin: S = {Success, Failure} with P(Success) = p and Probabilty
. Distributions
P(Failure) =1 —p =q. Intoducion and Motvaton
Discrete Uniform
e An experiment often consists of repeated trials, each with LU
two possible outcomes that may be labeled success or S ——
failure.

e The properties of the Bernoulli Process

e The experiment consists of n repeated trials.

e Each trial is called Bernoulli trial . Each trial results in an
outcome that may be classified as a success or a failure.

¢ We may choose to define either outcome as a success.

e The probability of success, denoted by p, remains constant
from trial to trial.

e The repeated trials are independent .
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e Binomial Distribution. A Bernoulli trial can result in a
success with probability p and a failure with probability
q=1-p.

e Then the probability distribution of the binomial random

variable X, the number of successes in n independent
trials, is

b(x;n,p):( >pan X x=0,1,2,...,n

e where
n . is the number of sample points that have x
X successes.

B(r;n,p) benp

Some Discrete
Probability
Distributions |

Dr. Cem Ozdo gan

Some Discrete
Probability
Distributions
Introduction and Motivation
Discrete Uniform
Distribution

Binomial and Multinomial
Distribution

Hypergeometric Distribution



Binomial and Multinomial Distribution [l

e Binomial Distribution. A Bernoulli trial can result in a
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e where
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e Binomial Distribution. A Bernoulli trial can result in a
success with probability p and a failure with probability
q=1-p.

e Then the probability distribution of the binomial random

variable X, the number of successes in n independent
trials, is

b(x;n,p):( >pan X x=0,1,2,...,n

e where
n . is the number of sample points that have x
X successes.
B(r;n,p) Zb x;n,p) . is the binomial sums.

e Arandom varlable with this probability distribution is said
to be binomially distributed.
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e Binomial Distribution. A Bernoulli trial can result in a
success with probability p and a failure with probability
q=1-p.

e Then the probability distribution of the binomial random

variable X, the number of successes in n independent
trials, is

b(x;n,p):( >pan X x=0,1,2,...,n

e where
n . is the number of sample points that have x
X successes.
B(r;n,p) Zb x;n,p) . is the binomial sums.

e Arandom varlable with this probability distribution is said
to be binomially distributed.

e The values of the binomial sums can be found in Table A.1
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Binomial and Multinomial Distribution 1V

TABLEA.| (continued) Bincmial Probabilty Sums 2, blxn, p
]
n r 0.10 0.20 023 0. 40 0.50 0.60 0.70 D80 08
15 L] 0.2059 00352 0.0134 (.0005
1 01671 00802 £.0000
2 08150 03080 02361 0.003 0003 0.0000
3 0.9444 (.6482 .4513 {1,0905 0.0176 1.0000
4 D.9KT3 0. 3 (.2173 (.00894 0.0007 0.0000
5 09978 09389 04032 010338 0.0037 00001
1] 09997 LIRS {L.e0es (1,981 00152 (HMNE
7 L0000 09958 7 (7869 05000 0.2131 0.0500 002 0000
8 0.9958 0.0848 (,9050 0.6064 (1.3902 0.131 o
] D992 bYES (L Y662 1LAY6N BuaLl &
0 0.9999 (,5993 (.997 0.7827 01642 0L
11 1.0000 0.59949 (19981 09085 (3518 {0556
12 OO0 (0.99%7 09729 06020 0184
13 10000 00048 05647 0839 04510
14 10063 R Luss a9 (1784
15 1.0000 1.0000 L0 00K
16 0 01853 00100 00033 0.0000
1 05147 D.0535 00261 00003 L0000
2 07892 0.1971 0.0994 00021 10001
3 09316 04050 02439 00106 00009  0.6000
4 09830 0.6302 (.44%9 0.0384 Q0049 00003
5 19967 09183 08103 0.659% 0.1051 0.019] 0.0016 00000
6 009995 09733 0.9204 08247 02272 (0583 0.0002

Figure: Binomial Probability Sums B(r;n,p) = >, _, b(x; n, p).

Some Discrete
Probability
Distributions |

Dr. Cem Ozdo gan

Some Discrete
Probability
Distributions

Introduction and Motivation

Discrete Uniform
Distribution

Hypergeometric Distribution



Binomial and Multinomial Distribution V

e Example : Suppose a professional basket player tries 5

free throws. The player is known to make 80% successful
rate.
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Some Discrete

Binomial and Multinomial Distribution V Probabiliy

 Example : Suppose a professional basket player tries 5 o
free throws. The player is known to make 80% successful

rate.
e Let X be the number of free throws he will make, then Q%‘%

X ~b(n=5,p=0.8).

Dr. Cem Ozdo gan

Table: Possible cases of 4 successes (0) and 1 miss (x) among Probay
 trials with p = 0.8,q = 0.2. T
Trial | Possible Event | p(x) Probability o

1 0000X ppppg | (0.8)%(0.2)! = 0.08192
2 000X0 pppap | (0.8)%(0.2)! = 0.08192
3 00X00 ppapp | (0.8)%(0.2)! = 0.08192
4 0X000 pappp | (0.8)%(0.2)! = 0.08192
5 X0000 gpppp | (0.8)*(0.2)! = 0.08192
Since there are Z = 5 cases of making 4 successes

among 5 trials,
P(X = 4) = 5(0.8)*(0.2)* = 0.4096.
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e Example 5.4 : The probability that a certain kind of
component will survive a given shock test is %.
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e Example 5.4 : The probability that a certain kind of
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¢ Find the probability that exactly 2 of the next 4
components tested survive.
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¢ Find the probability that exactly 2 of the next 4
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e Example 5.4 : The probability that a certain kind of
component will survive a given shock test is %.

¢ Find the probability that exactly 2 of the next 4
components tested survive.
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e Example 5.4 : The probability that a certain kind of
component will survive a given shock test is %.

¢ Find the probability that exactly 2 of the next 4
components tested survive.

wem-sead=(3) () (- 2-

e Where Does the Name Binomial Come From? Binomial

distribution corresponds to the binomial expansion of
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o Example 5.4 : The probability that a certain kind of
component will survive a given shock test is %.
¢ Find the probability that exactly 2 of the next 4
components tested survive.

Some Discrete

Probability
3 4\ (3)°[1\? 413227 e
b(x;n,p) =b(2:4, 7) = ( 2 ) (4) <4> T 221" T 128
e Where Does the Name Binomial Come From? Binomial E;;':fmd‘M:‘:a:
distribution corresponds to the binomial expansion of

(a+p)
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Binomial and Multinomial Distribution VII

e Example 5.5: The probability that a patient recovers from
a rare blood disease is 0.4.
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e Example 5.5: The probability that a patient recovers from
a rare blood disease is 0.4.

¢ If 15 people are known to have contracted this disease,
what is the probability that
i atleast 10 survive,

9

P(X >10) = 1-P(x < 10) = 1-> b(x;15,0.4) = 1-0.9662 = 0.0338
x=0

ii from 3 to 8 survive, and

8

8 2
P(3<X <8)=) b(x;15,0.4) = Y b(x;15,0.4) — Y "b(x;15,0.4)
Xx=3 x=0 x=0

= 0.9050 — 0.0271 = 0.8779
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e Example 5.5: The probability that a patient recovers from
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P(X >10) = 1-P(x < 10) = 1-> b(x;15,0.4) = 1-0.9662 = 0.0338
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Binomial and Multinomial Distribution VII

e Example 5.5 : The probability that a patient recovers from
a rare blood disease is 0.4.

¢ If 15 people are known to have contracted this disease,
what is the probability that
i atleast 10 survive,

9

P(X >10) = 1-P(x < 10) = 1-> b(x;15,0.4) = 1-0.9662 = 0.0338
x=0

ii from 3 to 8 survive, and

PB3<X <8)= 28: b(x; 15,0.4) = zsjb(x; 15,0.4) — ib(x; 15,0.4)

x=0 x=0
= 0.9050 — 0.0271 = 0.8779

iii exactly 5 survive?
5 4
P(X =5) =b(5;15,0.4) = > b(x;15,0.4) — > b(x;15,0.4)
x=0 x=0

= 0.4032 — 0.2173 = 0.1859
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Binomial and Multinomial Distribution VIII

e Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The

manufacturer indicates that the defective rate of the device
is 3%
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o Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The
manufacturer indicates that the defective rate of the device
is 3%

i The inspector of the retailer randomly picks 20 items

from a shipment. What is the probability that there will
be at least one defective item among these 20?
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e Example 5.6 : A large chain retailer purchases a certain
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be at least one defective item among these 20?
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o Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The
manufacturer indicates that the defective rate of the device
is 3%

i The inspector of the retailer randomly picks 20 items
from a shipment. What is the probability that there will
be at least one defective item among these 20?

Denote by X the number of defective devices among the 20;
b(x; 20,0.03)

P(X >1) = 1-P(X = 0) = 1-b(0; 20,0.03) = 1-0.03°0.97%°7° = 0.4562_Hyp5.geommD.m.m
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Binomial and Multinomial Distribution VI

o Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The
manufacturer indicates that the defective rate of the device
is 3%

i The inspector of the retailer randomly picks 20 items
from a shipment. What is the probability that there will
be at least one defective item among these 20?

Denote by X the number of defective devices among the 20;
b(x;20,0.03)

P(X > 1) =1-P(X = 0) = 1-b(0; 20,0.03) = 1-0.03°0.97°7° = 0.4562W

il Suppose that the retailer receives 10 shipments in a
month and the inspector randomly tests 20 devices
per shipment. What is the probability that there will be
3 shipments containing at least one defective device?
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e Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The
manufacturer indicates that the defective rate of the device
is 3%

i The inspector of the retailer randomly picks 20 items
from a shipment. What is the probability that there will

be at least one defective item among these 20?

Denote by X the number of defective devices among the 20;
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e Example 5.6 : A large chain retailer purchases a certain
kind of electronic device from a manufacturer. The
manufacturer indicates that the defective rate of the device
is 3%

i The inspector of the retailer randomly picks 20 items
from a shipment. What is the probability that there will
be at least one defective item among these 20?

Denote by X the number of defective devices among the 20;
b(x;20,0.03)
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P(X > 1) = 1-P(X = 0) = 1—b(0; 20,0.03) = 1—0.03°0.972°° = 0.4562 sypereoneitc suion

ii Suppose that the retailer receives 10 shipments in a
month and the inspector randomly tests 20 devices
per shipment. What is the probability that there will be

3 shipments containing at least one defective device?
Denote by Y the number of shipments containing at least one
defective item; b(y; 10,0.4562)

P(Y =3) = ( 130 > 0.4562°(1 — 0.4562)"°~% = 0.1602



Binomial and Multinomial Distribution 1X
e Theorem 5.2 :

The mean and variance of the binomial
b(x;n,p) are

w=npand ¢® = npq

distribution
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e Theorem 5.2 :

The mean and variance of the binomial

distribution
b(x;n,p) are

w=npand ¢ = npq

e Example 5.7 : Find the mean and variance of the binomial
random variable of Example 5.5 (n = 15,p = 0.4), and

then use Chebyshev’s theorem to interpret the interval
w20
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Binomial and Multinomial Distribution 1X

e Theorem 5.2 :

The mean and variance of the binomial distribution
b(x;n,p) are
w=npand ¢ = npq

e Example 5.7 : Find the mean and variance of the binomial
random variable of Example 5.5 (n = 15,p = 0.4), and
then use Chebyshev’s theorem to interpret the interval
w20

e Solution: Example 5.5 was a binomial experiment with
n=15andp =04

uw=np=15%x04=06

o2 =npq=15%04%0.6=36= 0 =1.897
The interval

w20 =6+2%1.897 = 2.206 to 9.794

has a probability of at least 3.
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Binomial and Multinomial Distribution X

e Example 5.8 : It is conjectured that an impurity exists in
30% of all drinking wells in a certain rural community.
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Binomial and Multinomial Distribution X

e Example 5.8: It is conjectured that an impurity exists in
30% of all drinking wells in a certain rural community.

¢ In order to gain some insight on this problem, it is
determined that some tests should be made. It is too

expensive to test all of the many wells in the area, so 10
were randomly selected for testing.
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e Example 5.8 : It is conjectured that an impurity exists in
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too
expensive to test all of the many wells in the area, so 10
were randomly selected for testing.

i Using the binomial distribution, what is the probability
that exactly three wells have the impurity assuming
that the conjecture is correct?
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e Example 5.8 : It is conjectured that an impurity exists in
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too
expensive to test all of the many wells in the area, so 10
were randomly selected for testing.

i Using the binomial distribution, what is the probability
that exactly three wells have the impurity assuming
that the conjecture is correct?
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Binomial and Multinomial Distribution X

e Example 5.8 : It is conjectured that an impurity exists in
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too
expensive to test all of the many wells in the area, so 10
were randomly selected for testing.

i Using the binomial distribution, what is the probability
that exactly three wells have the impurity assuming
that the conjecture is correct?

b(x;10,0.3) = P(X = 3) = B(3;10,0.3) — B(2;10,0.3)
— 0.6496 — 0.3828 = 0.2668
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e Example 5.8 : It is conjectured that an impurity exists in %
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too e
expensive to test all of the many wells in the area, so 10 Distributions
were randomly selected for testing. I

i Using the binomial distribution, what is the probability e
that exactly three wells have the impurity assuming Hypergeometic Dittuton

that the conjecture is correct?
b(x;10,0.3) = P(X = 3) = B(3;10,0.3) — B(2; 10,0.3)

5 - =0.6496 — 0.3828 = 0.2668
il What is the probability that more than three wells are

impure?
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e Example 5.8 : It is conjectured that an impurity exists in %
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too e
expensive to test all of the many wells in the area, so 10 Distributions
were randomly selected for testing. I

i Using the binomial distribution, what is the probability e
that exactly three wells have the impurity assuming Hypergeometic Dittuton

that the conjecture is correct?
b(x;10,0.3) = P(X = 3) = B(3;10,0.3) — B(2; 10,0.3)

5 ~ =0.6496 — 0.3828 = 0.2668
i What is the probability that more than three wells are

impure?
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e Example 5.8 : It is conjectured that an impurity exists in %
30% of all drinking wells in a certain rural community.

e |n order to gain some insight on this problem, it is
determined that some tests should be made. It is too e
expensive to test all of the many wells in the area, so 10 Distributions
were randomly selected for testing. I

i Using the binomial distribution, what is the probability e
that exactly three wells have the impurity assuming Hypergeometic Dittuton

that the conjecture is correct?
b(x;10,0.3) = P(X = 3) = B(3;10,0.3) — B(2; 10,0.3)

5 ~ =0.6496 — 0.3828 = 0.2668
i What is the probability that more than three wells are

impure?
P(X >3)=1-B(3;10,0.3) =1 — 0.6496 = 0.3504
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e Example 5.9 : Consider the situation of Example 5.8. The

“30% are impure” is merely a conjecture put forth by the
area water board.
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Binomial and Multinomial Distribution XI

e Example 5.9 : Consider the situation of Example 5.8. The
“30% are impure” is merely a conjecture put forth by the
area water board.

e Suppose 10 wells are randomly selected and 6 are found

to contain the impurity. What does this imply about the
conjecture? Use a probability statement.
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e Example 5.9 : Consider the situation of Example 5.8. The
“30% are impure” is merely a conjecture put forth by the
area water board.

e Suppose 10 wells are randomly selected and 6 are found

to contain the impurity. What does this imply about the
conjecture? Use a probability statement.

e Solution:
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e Example 5.9 : Consider the situation of Example 5.8. The
“30% are impure” is merely a conjecture put forth by the
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e Suppose 10 wells are randomly selected and 6 are found

to contain the impurity. What does this imply about the
conjecture? Use a probability statement.
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Binomial and Multinomial Distribution XI

e Example 5.9 : Consider the situation of Example 5.8. The

“30% are impure” is merely a conjecture put forth by the
area water board.

e Suppose 10 wells are randomly selected and 6 are found
to contain the impurity. What does this imply about the
conjecture? Use a probability statement.

e Solution:
6 5
P(X =6) =) b(x;10,0.3) - ) b(x;10,0.3)
x=0 x=0

= 0.9894 — 0.9527 = 0.0367
For values of b(x; 10,0.3), see Table A.1 from text book.
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e Example 5.9 : Consider the situation of Example 5.8. The
“30% are impure” is merely a conjecture put forth by the Q%‘%
area water board.
e Suppose 10 wells are randomly selected and 6 are found

to contain the impurity. What does this imply about the e rete
conjecture? Use a probability statement. Pistbutors

¢ Solution: Diosoton
=6)= Z b(x;10,0.3) — Z b(x; 10, 0.3)

x=0 x=0
= 0.9894 — 0.9527 = 0.0367

For values of b(x; 10,0.3), see Table A.1 from text book.

e As a result, it is unlikely (3.6%chance) that 6 wells would
be found impure if only 30% of all are impure. This casts
considerable doubt on the conjecture and suggests that
the impurity problem is much more severe.



Binomial and Multinomial Distribution XII

e |f the number of outcomes, k is more than two, it is

referred to as multinomial . Suppose we have k possible
outcomes (k > 2) in an experiment.
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Binomial and Multinomial Distribution XII Probabiliy

Distributions |

e If the number of outcomes, k is more than two, it is B -
referred to as multinomial . Suppose we have k possible
outcomes (k > 2) in an experiment. Q%‘%
e Multinomial Distribution . If a given trial can result in the
k outcomes E;, E,, ..., Ex with probabilities p1, p2, . . ., P,

then the probability distribution of the random variables ome Discrete
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Distribution

Let X be a random variable with probability distribution f(x).
The mean of the random variable g(X) is

Hypergeometric Distribution
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Binomial and Multinomial Distribution XII

o |f the number of outcomes, k is more than two, it is
referred to as multinomial . Suppose we have k possible
outcomes (k > 2) in an experiment.

e Multinomial Distribution . If a given trial can result in the
k outcomes E;, E,, ..., Ex with probabilities py,p2, - . ., Pk,
then the probability distribution of the random variables
X1, Xa, ..., Xk representing the number of occurrences for
Ei, Ey, ..., Ex in nindependent trials is

Let X be a random variable with probability distribution f(x).
The mean of the random variable g(X) is

n

fX1 X2, ..., Xk;P1,P2,...,Pk,N) = X1 Xz... X
(X0, X2, Xk Pl P2 s PG = | PP B

° Zik:l X; = n and Zik:l pi =1

n N n!
X1, X2, -+ 5 Xk XXl X!

is the number of ways that yielding x; outcomes for E,, X,
outcomes for Ey, ..., Xx outcomes for Ey.
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Binomial and Multinomial Distribution XIII

e Example : A local gas station sells three types of gasoline;
regular, premium and super.
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e Example : A local gas station sells three types of gasoline;
regular, premium and super.

e According to past sales, About 60% customers fuel
regular, 30% put premium, and rest 10% buy super.

e For next 10 customers, find the probability that 5 buy
regular gas, 4 fuel premium, and 1 buy super gas.

e Solution:
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e Example : A local gas station sells three types of gasoline;
regular, premium and super.

e According to past sales, About 60% customers fuel
regular, 30% put premium, and rest 10% buy super.

e For next 10 customers, find the probability that 5 buy
regular gas, 4 fuel premium, and 1 buy super gas.
e Solution:
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e Example : A local gas station sells three types of gasoline; Q%‘%

regular, premium and super.

e According to past sales, About 60% customers fuel Some Discrete
regular, 30% put premium, and rest 10% buy super. Distouions
e For next 10 customers, find the probability that 5 buy S
regular gas, 4 fuel premium, and 1 buy super gas.
° SO'Ut'On . - Hypergeometric Distribution
Let X; be the number of customers buy i product, i = 1,2, 3.
Then
60 30 10 10 60°30“%10*"
75,43 750" 100" 100" 19 = ( 5,4,1 ) 100 100 100 _ 0079%@



Binomial and Multinomial Distribution XIV

e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:
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e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:

i Runway 1: p; = 2/9
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e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:

i Runway 1: p; =2/9
i Runway 2: p, =1/6
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e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:

i Runway 1: p; =2/9
i Runway 2: p, =1/6
il Runway 3: p; =11/18
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Binomial and Multinomial Distribution XIV

e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:

i Runway 1: p; = 2/9
i Runway 2: p, =1/6
iii Runway 3: ps = 11/18
e What is the probability that 6 randomly arriving air planes

are distributed in the following fashion? Runway 1: 2 air
planes, Runway 2: 1 air planes, Runway 3: 3 air planes.
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Binomial and Multinomial Distribution XIV

e Example 5.10: For a certain airport containing three
runways it is known that in the ideal setting the following
are the probabilities that the individual runways are
accessed by a randomly arriving commercial jet:

i Runway 1: p; = 2/9
i Runway 2: p, =1/6
iii Runway 3: ps = 11/18
e What is the probability that 6 randomly arriving air planes

are distributed in the following fashion? Runway 1: 2 air
planes, Runway 2: 1 air planes, Runway 3: 3 air planes.

e Solution: Using the multinomial distribution , we have

21 11 6 2211178
21355 8‘6)<2,1,3>9 5

6! 22 1t 118
= Sl * 9 * 3 * 18 — 0.1127
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e There are two types of sampling methods from a
finite population. If the population is infinite, two methods
do not make any difference.

e Binomial distribution : the sampling with replacement (p
is constant)

o Hypergeometric distribution : the sampling without
replacement (p is not constant)

e Hypergeometric experiment:
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e There are two types of sampling methods from a
finite population. If the population is infinite, two methods
do not make any difference.

e Binomial distribution : the sampling with replacement (p
is constant)

o Hypergeometric distribution : the sampling without
replacement (p is not constant)
e Hypergeometric experiment:

@ A random sample of size n is selected without replacement
from N items.
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e There are two types of sampling methods from a
finite population. If the population is infinite, two methods
do not make any difference.

e Binomial distribution : the sampling with replacement (p
is constant)

o Hypergeometric distribution : the sampling without
replacement (p is not constant)

e Hypergeometric experiment:

@ A random sample of size n is selected without replacement
from N items.

® k of the N items may be classified as successes and N — k
as failures.
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e There are two types of sampling methods from a %
finite population. If the population is infinite, two methods
do not make any difference.

e Binomial distribution : the sampling with replacement (p Some Discrete

- Probability
IS COﬂStant) Distributions
Introduction and Motivation
e Hypergeometric distribution : the sampling without Discrte Unfom
replacement (p is not constant) Binomial and Mulinomia
e Hypergeometric experiment: Hypergeometric Distiuion

@ A random sample of size n is selected without replacement
from N items.

® k of the N items may be classified as successes and N — k
as failures.

e Hypergeometric random variable: the number X of
successes of a hypergeometric experiment.
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e The probability distribution of the hypergeometric variable
X, the number of successes in a random sample of size n

selected from N items of which k are labeled success and
N — k labeled failure; h(x; N, n, k).
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Some Discrete
Probability
e The probability distribution of the hypergeometric variable D?C;r:;do;an
X, the number of successes in a random sample of size n
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Some Discrete
Probability
e The probability distribution of the hypergeometric variable D:)C;:;do;an
X, the number of successes in a random sample of size n
selected from N items of which k are labeled success and
N — k labeled failure; h(x; N, n, k).

e the number of ways of
selecting x successes
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Hypergeometric Distribution Il

e The probability distribution of the hypergeometric variable
X, the number of successes in a random sample of size n

selected from N items of which k are labeled success and
N — k labeled failure; h(x; N, n, k).

e the number of ways of
selecting x successes

h(x;N,n, k) = <>lz )

e the number of ways of
selecting n — x failures

() (=) (hx)
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e The probability distribution of the hypergeometric variable
X, the number of successes in a random sample of size n

selected from N items of which k are labeled success and
N — k labeled failure; h(x; N, n, k).

e the number of ways of
selecting x successes

h(x;N,n, k) = <>lz )

o the number of ways of
selecting n — x failures

() (=) (")

N
< n ) o the total number of samples of

size n chosen from N items

(%)
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unacceptable if they contain as many as 3 defective or
more.
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e Example 5.12: Lots of 40 components each are called
unacceptable if they contain as many as 3 defective or
more.

e The procedure for sampling the lot is to select 5

components at random and to reject the lot if a defective is
found.
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e Example 5.12 : Lots of 40 components each are called
unacceptable if they contain as many as 3 defective or
more.

e The procedure for sampling the lot is to select 5
components at random and to reject the lot if a defective is
found.

e What is the probability that exactly 1 defective is found in
the sample if there are 3 defectives in the entire lot?

e Solution: Using hypergeometric distribution with
n=5N=40,k =3and x =1;

h(x;N,n, k) =

Some Discrete
Probability
Distributions |

Dr. Cem Ozdo gan

R

Some Discrete
Probability

Distributions
Introduction and Motivation

Discrete Uniform
Distribution

Binomial and Multinomial
Distribution

Hypergeometric Distribution



Hypergeometric Distribution 111

e Example 5.12 : Lots of 40 components each are called
unacceptable if they contain as many as 3 defective or
more.

e The procedure for sampling the lot is to select 5
components at random and to reject the lot if a defective is
found.

e What is the probability that exactly 1 defective is found in
the sample if there are 3 defectives in the entire lot?

e Solution: Using hypergeometric distribution with
n=5N=40,k =3and x =1;

h(x;N,n,k) = h(Z1;40,5,3) =
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e Example 5.12 : Lots of 40 components each are called
unacceptable if they contain as many as 3 defective or
more.

e The procedure for sampling the lot is to select 5
components at random and to reject the lot if a defective is
found.

e What is the probability that exactly 1 defective is found in
the sample if there are 3 defectives in the entire lot?

e Solution: Using hypergeometric distribution with
n=5N=40,k =3and x =1;

3 37
1 4
h(x;N,n,k) = h(1;40,5,3) = ———~ =0.3011

(%)
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e Example 5.12 : Lots of 40 components each are called

unacceptable if they contain as many as 3 defective or
more.

e The procedure for sampling the lot is to select 5
components at random and to reject the lot if a defective is
found.

e What is the probability that exactly 1 defective is found in
the sample if there are 3 defectives in the entire lot?

e Solution: Using hypergeometric distribution with
n=5N=40,k =3and x =1;

3 37
1 4
h(x;N,n,k) = h(1;40,5,3) = 7w\ 0.3011
()
e So this plan is likely not desirable since it detects a bad lot
(3 defectives) only about 30% of the time.
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° Theorem 53 . . - - - - Dr. Cem Ozdo gan
The mean and variance of the hypergeometric distribution

h(x; N, n, k) are

k N — k k
ﬂ:nﬁandazz n*n*ﬁ*<l——)

n—1
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variable of Example 5.12 (n = 5,N = 40, and k = 3) and Davingan

Distribution
then use Chebyshev’s theorem to interpret the interval armnon
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The mean and variance of the hypergeometric distribution

h(X; anjk) are %
nk N—n k k

= —and o? = Nx —x(1— —
=N = n21” *N*( N)

Some Discrete

Probability
 Example 5.14 :Find the mean and variance of the random ?:,:ﬁ:fﬁ";u evaton
variable of Example 5.12 (n = 5,N = 40, and k = 3) and e
then use Chebyshev’s theorem to interpret the interval Dsion

1+ 20 T r—
e Solution:
p= 54*03 and o® = 38 — i*s % (1 - :6) = o0 =0.558

£ 20 =0.3775+£ 2% 0.558

it has a probability of at least 3/ 4 of falling between -0.741
and 1.491.
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° Theorem 5.3: Dr. Cem Ozdo gan
The mean and variance of the hypergeometric distribution

h(X; anjk) are %
nk N—n k k

= —and 0% = Ne —x (11— —
=N A9 n—1**N*< N)

e Example 5.14 :Find the mean and variance of the random Introduction and Motvation
variable of Example 5.12 (n = 5,N = 40, and k = 3) and Davingan

Some Discrete
Probability
Distributions

Distribution

then use Chebyshev’s theorem to interpret the interval i
M ﬂ: 20- lypergeometric Distribution
e Solution:
5%3 40-5 3 3
= do? = Bx—x(1— — =0.558
=20 27 = 201" *40*( 40)2“7

@£ 20 =0.3775+£ 2 %0.558

it has a probability of at least 3/ 4 of falling between -0.741
and 1.491.

e That is, at least three fourths of the time, the 5
components include less than 2 defectives.
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e Relationship to the Binomial Distribution . If n is small
compared to N, the nature of the N items changes very

little in each draw. (when § < 0.05)
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o p=np= nk and azlznpq :n*ﬁ*(l—%),where N=p
is negligible when n is small relative to N.
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compared to N, the nature of the N items changes very
little in each draw. (when § < 0.05)
e p=np="and o? =npg=n=x &= (1- &), where B=1
is negligible when n is small relative to N.
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compared to N, the nature of the N items changes very

little in each draw. (when § < 0.05) Q%‘%
e p=np="and o? =npg=n=x &= (1- &), where B=1

is negligible when n is small relative to N.
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Hypergeometric Distribution V

¢ Relationship to the Binomial Distribution . If n'is small
compared to N, the nature of the N items changes very
little in each draw. (when § < 0.05)

e p=np="and o? =npg=n=x &= (1- &), where B=1
is negligible when n is small relative to N.

e The binomial distribution may be viewed as a large
population edition of the hypergeometric distributions.

e Example 5.15: A manufacture of automobile tires reports
that among a shipment of 5000 sent to a local distributor,
1000 are slightly faulty.

o |f one purchases 10 of these tires at random from the
distributor, what is the probability that exactly 3 are faulty?

e Solution: h(x;N,n, k) =7
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¢ Relationship to the Binomial Distribution . If n'is small
compared to N, the nature of the N items changes very
little in each draw. (when § < 0.05)

e p=np="and o? =npg=n=x &= (1- &), where B=1
is negligible when n is small relative to N.

e The binomial distribution may be viewed as a large
population edition of the hypergeometric distributions.

e Example 5.15: A manufacture of automobile tires reports
that among a shipment of 5000 sent to a local distributor,
1000 are slightly faulty.

¢ If one purchases 10 of these tires at random from the
distributor, what is the probability that exactly 3 are faulty?

e Solution: h(x;N,n, k) =?
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Hypergeometric Distribution V

Relationship to the Binomial Distribution . If n'is small
compared to N, the nature of the N items changes very
little in each draw. (when § < 0.05)

p=np="and 6> =npg =nx§* (1 &), where =0
is negligible when n is small relative to N.

The binomial distribution may be viewed as a large
population edition of the hypergeometric distributions.

Example 5.15 : A manufacture of automobile tires reports
that among a shipment of 5000 sent to a local distributor,
1000 are slightly faulty.

If one purchases 10 of these tires at random from the
distributor, what is the probability that exactly 3 are faulty?

Solution: h(x;N,n,k) =?

h(3;5000, 10, 1000) ~
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Hypergeometric Distribution V

Relationship to the Binomial Distribution . If n'is small
compared to N, the nature of the N items changes very
little in each draw. (when § < 0.05)

p=np="%and o2 —npq_n*—*(l——) where N=1
is negliglble when n is small relative to N.

The binomial distribution may be viewed as a large
population edition of the hypergeometric distributions.

Example 5.15 : A manufacture of automobile tires reports
that among a shipment of 5000 sent to a local distributor,
1000 are slightly faulty.

If one purchases 10 of these tires at random from the
distributor, what is the probability that exactly 3 are faulty?

Solution: h(x;N,n,k) =

2
b(x;10,0.2)~> b(x;10,0.2)
h(3; 5000, 10, 1000) ~ x—o x=0

Mw

=0.8791 — 0.6778 = 0.2013
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e Multivariate HypergeometricDistribution

. If N items can
be partitioned into the k cells Az, A;,

.., A¢ with
a;,ap,...,ax elements, respectively, then the probability Some bisarete
distribution of the random variable X1, Xo, ..., X, R
representing the number of elements selected from Inroducton and Motation
A1,Az, ..., A in arandom sample of size n, is S

Distribution
Binomial and Multinomial
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f(X1,X2, ..., Xk;@1,8z,...,8,N,n) =

(n)




Hypergeometric Distribution VI

e Multivariate HypergeometricDistribution  : If N items can
be partitioned into the k cells Az, A,, ..., Ax with
a;,ap,...,ax elements, respectively, then the probability
distribution of the random variable X1, Xo, ..., Xk,
representing the number of elements selected from
A1,Az, ..., Ak in a random sample of size n, is

< a ) ( a, ) ( ay )
X % )\ %,
f(X1,X2, ..., Xk;@1,8z,...,8,N,n) =

(n)

e with Z:‘Zl Xi =n and Zik:l a=N
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Hypergeometric Distribution VII
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e Example 5.16: A group of 10 individuals are used for a
biological case study.
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Hypergeometric Distribution VII
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e Example 5.16 : A group of 10 individuals are used for a
biological case study.

e The group contains 3 people with blood type O, 4 with
blood type A, and 3 with blood type B.
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Hypergeometric Distribution VII
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Hypergeometric Distribution VII

e Example 5.16: A group of 10 individuals are used for a
biological case study.

e The group contains 3 people with blood type O, 4 with
blood type A, and 3 with blood type B.

e What is the probability that a random sample of 5 will

contain 1 person with blood type O, 2 with blood type A,
and 2 with blood type B?

e Solution:

f(1,2,2;3,4,3,10,5) = ( i ) ( g ) ( g ) 3
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