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Introduction and Motivation

• Negative binomial distribution (Geometric
distribution) : the number of trial on which the first
success occurs.
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Introduction and Motivation

• Negative binomial distribution (Geometric
distribution) : the number of trial on which the first
success occurs.

• Poisson distribution : the number of outcomes occurring
during a given time interval or in a specified region.
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Negative Binomial and Geometric Distributions I

• Suppose, instead of performing a fixed or given number of
trials, one performs independently a Bernoulli trial
repeatedly until a desired number of successes is
obtained, and then stop.
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Negative Binomial and Geometric Distributions I

• Suppose, instead of performing a fixed or given number of
trials, one performs independently a Bernoulli trial
repeatedly until a desired number of successes is
obtained, and then stop.

• Then, the question is that how many trials are required to
get the desired number of successes?
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Negative Binomial and
Geometric
Distributions

Poisson Distribution
and the Poisson
Process

8.4

Negative Binomial and Geometric Distributions I

• Suppose, instead of performing a fixed or given number of
trials, one performs independently a Bernoulli trial
repeatedly until a desired number of successes is
obtained, and then stop.

• Then, the question is that how many trials are required to
get the desired number of successes?

• Negative binomial experiments : the k th success occurs
on the x th trial.
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Negative Binomial and Geometric Distributions I

• Suppose, instead of performing a fixed or given number of
trials, one performs independently a Bernoulli trial
repeatedly until a desired number of successes is
obtained, and then stop.

• Then, the question is that how many trials are required to
get the desired number of successes?

• Negative binomial experiments : the k th success occurs
on the x th trial.

• Negative binomial random variable : the number X of
trials to produce k success in a negative binomial
experiment.
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Negative Binomial and Geometric Distributions I

• Suppose, instead of performing a fixed or given number of
trials, one performs independently a Bernoulli trial
repeatedly until a desired number of successes is
obtained, and then stop.

• Then, the question is that how many trials are required to
get the desired number of successes?

• Negative binomial experiments : the k th success occurs
on the x th trial.

• Negative binomial random variable : the number X of
trials to produce k success in a negative binomial
experiment.

• Negative binomial distribution : If repeated independent
trials can result in a success with probability p and a
failure with probability q = 1 − p, then the probability
distribution of the random variable X , the number of the
trial on which the k th success occurs, is

b∗(x ; k , p) =

(

x − 1
k − 1

)

pk qx−k , x = k , k + 1, k + 2, . . .
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.



Some Discrete
Probability

Distributions II

Dr. Cem Özdo ğan
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?
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of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?
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Negative Binomial and
Geometric
Distributions

Poisson Distribution
and the Poisson
Process

8.5

Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) =
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853
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in six games?
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• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853

ii What is the probability that team A will win the series?

b∗(4; 4, 0.55) + b∗(5; 4, 0.55) + b∗(6; 4, 0.55) + b∗(7; 4, 0.55)

= 0.0915 + 0.1647 + 0.1853 + 0.1668 = 0.6083
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853

ii What is the probability that team A will win the series?

b∗(4; 4, 0.55) + b∗(5; 4, 0.55) + b∗(6; 4, 0.55) + b∗(7; 4, 0.55)

= 0.0915 + 0.1647 + 0.1853 + 0.1668 = 0.6083

iii If both teams face each other in a regional play-off
series and the winner is decided by winning three out
of five games, what is the probability that team A will
win a play-off?
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853

ii What is the probability that team A will win the series?

b∗(4; 4, 0.55) + b∗(5; 4, 0.55) + b∗(6; 4, 0.55) + b∗(7; 4, 0.55)

= 0.0915 + 0.1647 + 0.1853 + 0.1668 = 0.6083

iii If both teams face each other in a regional play-off
series and the winner is decided by winning three out
of five games, what is the probability that team A will
win a play-off?
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Negative Binomial and Geometric Distributions II
• Example 5.17 : Suppose that team A has probability 0.55

of winning over the team B and both teams A and B face
each other in an NBA 4-out-of-7 championship series.

i What is the probability that team A will win the series
in six games?

b∗(x ; k , p) = b∗(6; 4, 0.55) =
„

5
3

«

∗0.554
∗(1∗0.55)6−4 = 0.1853

ii What is the probability that team A will win the series?

b∗(4; 4, 0.55) + b∗(5; 4, 0.55) + b∗(6; 4, 0.55) + b∗(7; 4, 0.55)

= 0.0915 + 0.1647 + 0.1853 + 0.1668 = 0.6083

iii If both teams face each other in a regional play-off
series and the winner is decided by winning three out
of five games, what is the probability that team A will
win a play-off?

b∗(3; 3, 0.55) + b∗(4; 3, 0.55) + b∗(5; 3, 0.55)

= 0.1664 + 0.2246 + 0.2021 = 0.5931
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Negative Binomial and Geometric Distributions III

• Why name negative binomial? The binomial coefficient
is defined even when n is negative (or is not an integer).

(

n
k

)

=
n(n − 1)(n − 2) . . . (n − k + 1)

k !

(p + q)n =
∞
∑

k=0

(

n
k

)

pk qn−k
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Negative Binomial and Geometric Distributions III

• Why name negative binomial? The binomial coefficient
is defined even when n is negative (or is not an integer).

(

n
k

)

=
n(n − 1)(n − 2) . . . (n − k + 1)

k !

(p + q)n =
∞
∑

k=0

(

n
k

)

pk qn−k

• Each term in the expansion of pk (1 − q)−k corresponds to
the value of b∗(x ; k , p) for x = k , k + 1, k + 2, . . .

1 = pk
∗ p−k = pk

∗ (1 − q)−k = pk
∗

∞
∑

x=0

(

−k
x

)

(−q)x



Some Discrete
Probability

Distributions II

Dr. Cem Özdo ğan
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Negative Binomial and Geometric Distributions IV

• Consider a binomial experiment to get a first success. This
implies that for the case of that we encountered the
number of failures prior to the first success.
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Negative Binomial and Geometric Distributions IV

• Consider a binomial experiment to get a first success. This
implies that for the case of that we encountered the
number of failures prior to the first success.

• Geometric Distribution : If repeated independent trials
can result in a success with probability p and a failure with
probability q = 1− p, then the probability distribution of the
random variable X , the number of the trial on which the
first success occurs, is

g(x ; p) = b∗(x ; 1, p) = pqx−1, x = 1, 2, 3, . . .
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:

P(Y ≤ 3) = P(Y = 1) + P(Y = 2) + P(Y = 3)

= 0.35 + 0.2275 + 0.1479 = 0.7254
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:

P(Y ≤ 3) = P(Y = 1) + P(Y = 2) + P(Y = 3)

= 0.35 + 0.2275 + 0.1479 = 0.7254
iii The average number of trials to get into the network:

That is, it takes about 3 times on average
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:

P(Y ≤ 3) = P(Y = 1) + P(Y = 2) + P(Y = 3)

= 0.35 + 0.2275 + 0.1479 = 0.7254
iii The average number of trials to get into the network:

That is, it takes about 3 times on average
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Negative Binomial and Geometric Distributions VI

• Example : Consider a problem of log in into a
communication network. It is know that the probability of
success rate, p = 0.35 during busy hours.

i Probability that one is able to log into the network at
3rd trial:

P(Y = 3) = (0.65)2(0.35) = 0.1479.
ii Probability that one is able to log into within 3 trials:

P(Y ≤ 3) = P(Y = 1) + P(Y = 2) + P(Y = 3)

= 0.35 + 0.2275 + 0.1479 = 0.7254
iii The average number of trials to get into the network:

E(Y ) = 1/0.35 = 2.85.
That is, it takes about 3 times on average
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Negative Binomial and
Geometric
Distributions

Poisson Distribution
and the Poisson
Process

8.9

Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) =
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) =
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8.9

Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
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8.9

Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.

• It may be of interest to know the number of attempts
necessary in order to gain a connection.
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8.9

Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.

• It may be of interest to know the number of attempts
necessary in order to gain a connection.

• Suppose that let p = 0.05 be the probability of a
connection during busy time.
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.

• It may be of interest to know the number of attempts
necessary in order to gain a connection.

• Suppose that let p = 0.05 be the probability of a
connection during busy time.

• We are interested in knowing the probability that 5
attempts are necessary for a successful call.
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.

• It may be of interest to know the number of attempts
necessary in order to gain a connection.

• Suppose that let p = 0.05 be the probability of a
connection during busy time.

• We are interested in knowing the probability that 5
attempts are necessary for a successful call.
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Negative Binomial and Geometric Distributions VII

• Example 5.18 : In a certain manufacturing process it is
known that, on the average, 1 in every 100 items is
defective.

• What is the probability that the fifth item inspected is the
first defective item found?

g(x ; p) = g(5; 0.01) = 0.01x0.994 = 0.0096
• Example 5.19 : At “busy time” a telephone exchange is

very near capacity, so callers have difficulty placing their
calls.

• It may be of interest to know the number of attempts
necessary in order to gain a connection.

• Suppose that let p = 0.05 be the probability of a
connection during busy time.

• We are interested in knowing the probability that 5
attempts are necessary for a successful call.

P(X = x) = g(5; 0.05) = 0.05 ∗ 0.954 = 0.041
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Negative Binomial and Geometric Distributions VIII

• Theorem 5.4 :
The mean and variance of a random variable following the
geometric distribution are

µ =
1
p

, σ2 =
1 − p

p2
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Negative Binomial and Geometric Distributions VIII

• Theorem 5.4 :
The mean and variance of a random variable following the
geometric distribution are

µ =
1
p

, σ2 =
1 − p

p2

• In the system of telephone exchange, trials occurring prior
to a success represent a cost.
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Negative Binomial and Geometric Distributions VIII

• Theorem 5.4 :
The mean and variance of a random variable following the
geometric distribution are

µ =
1
p

, σ2 =
1 − p

p2

• In the system of telephone exchange, trials occurring prior
to a success represent a cost.

• A high probability of requiring a large of number of
attempts is not beneficial to the scientists or engineers.
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.



Some Discrete
Probability

Distributions II

Dr. Cem Özdo ğan
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
• the number of postponed baseball games due to rain
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
• the number of postponed baseball games due to rain
• the number of field mice per acre
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
• the number of postponed baseball games due to rain
• the number of field mice per acre
• the number of typing error per page
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Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
• the number of postponed baseball games due to rain
• the number of field mice per acre
• the number of typing error per page

• The examples of the random variables that are having
Poisson probability distribution are usually rare events
such as # of car accident, # of flood or hurricane
occurrences.
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Negative Binomial and
Geometric
Distributions

Poisson Distribution
and the Poisson
Process

8.11

Poisson Distribution and the Poisson Process I

• Poisson experiments : Experiments yielding numerical
values of a random variable X , the number of outcomes
occurring during a given time interval or in a specified
region.

• Examples:
• the number of telephone calls per hour received by an office
• the number of postponed baseball games due to rain
• the number of field mice per acre
• the number of typing error per page

• The examples of the random variables that are having
Poisson probability distribution are usually rare events
such as # of car accident, # of flood or hurricane
occurrences.

• So the Poisson distribution provides the fundamental idea
of the Law of Small Numbers (LSN).
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Poisson Distribution and the Poisson Process II

• Properties of Poisson Process :
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Poisson Distribution and the Poisson Process II

• Properties of Poisson Process :
1 The number of outcomes in one time interval or specified

region is independent of the number that occurs in any
other disjoint time interval or region of space. In this way we
say that the Poisson process has no memory.
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Poisson Distribution and the Poisson Process II

• Properties of Poisson Process :
1 The number of outcomes in one time interval or specified

region is independent of the number that occurs in any
other disjoint time interval or region of space. In this way we
say that the Poisson process has no memory.

2 The probability that a single outcome will occur during a
very short time interval or in a small region is proportional to
the length of the time interval or the size of the region and
does not depend on the number of outcomes occurring
outside this time interval or region.
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Poisson Distribution and the Poisson Process II

• Properties of Poisson Process :
1 The number of outcomes in one time interval or specified

region is independent of the number that occurs in any
other disjoint time interval or region of space. In this way we
say that the Poisson process has no memory.

2 The probability that a single outcome will occur during a
very short time interval or in a small region is proportional to
the length of the time interval or the size of the region and
does not depend on the number of outcomes occurring
outside this time interval or region.

3 The probability that more than one outcome will occur in
such a short time interval or fall in such a small region is
negligible.
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Poisson Distribution and the Poisson Process III

• Poisson Distribution : The probability distribution of the
Poisson random variable X , representing the number of
outcomes occurring in a given time interval or specified
region denoted by t , is (mean number µ = λt)

p(x ;λt) =
e−λt(λt)x

x!
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Poisson Distribution and the Poisson Process III

• Poisson Distribution : The probability distribution of the
Poisson random variable X , representing the number of
outcomes occurring in a given time interval or specified
region denoted by t , is (mean number µ = λt)

p(x ;λt) =
e−λt(λt)x

x!

• where λ is the average number of outcomes per unit time
or region, and e = 2.71828.
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Poisson Distribution and the Poisson Process III

• Poisson Distribution : The probability distribution of the
Poisson random variable X , representing the number of
outcomes occurring in a given time interval or specified
region denoted by t , is (mean number µ = λt)

p(x ;λt) =
e−λt(λt)x

x!

• where λ is the average number of outcomes per unit time
or region, and e = 2.71828.

• Example 5.20 : During a laboratory experiment the
average number of radioactive particles passing through a
counter in 1 millisecond is 4.
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Poisson Distribution and the Poisson Process III

• Poisson Distribution : The probability distribution of the
Poisson random variable X , representing the number of
outcomes occurring in a given time interval or specified
region denoted by t , is (mean number µ = λt)

p(x ;λt) =
e−λt(λt)x

x!

• where λ is the average number of outcomes per unit time
or region, and e = 2.71828.

• Example 5.20 : During a laboratory experiment the
average number of radioactive particles passing through a
counter in 1 millisecond is 4.

• What is the probability that 6 particles enter the counter in
a given millisecond? (see Table A.2)

p(6; 4) =
e−4(4)6

6!
=

6
∑

x=0

p(x ; 4) −

5
∑

x=0

p(x ; 4)

= 0.8893 − 0.7851 = 0.1042
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Poisson Distribution and the Poisson Process IV

Figure: Poisson Probability Sums P(x ; µ) =
Pr

x=0 p(x ; µ).
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.



Some Discrete
Probability

Distributions II

Dr. Cem Özdo ğan
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?

P(X > 15) = 1 − P(X ≤ 15) = 1 −

15
∑

x=0

p(x ; 10)

= 1 − 0.9513 = 0.0487
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?

P(X > 15) = 1 − P(X ≤ 15) = 1 −

15
∑

x=0

p(x ; 10)

= 1 − 0.9513 = 0.0487
• Theorem 5.5 :

The mean and variance of the Poisson distribution p(x ;λt)
both have the value λt . (Proof is in Appendix A.26)



Some Discrete
Probability

Distributions II

Dr. Cem Özdo ğan
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?

P(X > 15) = 1 − P(X ≤ 15) = 1 −

15
∑

x=0

p(x ; 10)

= 1 − 0.9513 = 0.0487
• Theorem 5.5 :

The mean and variance of the Poisson distribution p(x ;λt)
both have the value λt . (Proof is in Appendix A.26)

• Example : In Example 5.20,
λt = 4 ⇒ µ = σ2 = 4, σ = 2 ⇒ µ ± 2σ = 4 ± 2 ∗ 2.
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Poisson Distribution and the Poisson Process V

• Example 5.21 : Ten is the average number of oil tankers
arriving each day at a certain port city.

• The facilities at the port can handle at most 15 tankers per
day.

• What is the probability that on a given day tankers have to
be turned away?

P(X > 15) = 1 − P(X ≤ 15) = 1 −

15
∑

x=0

p(x ; 10)

= 1 − 0.9513 = 0.0487
• Theorem 5.5 :

The mean and variance of the Poisson distribution p(x ;λt)
both have the value λt . (Proof is in Appendix A.26)

• Example : In Example 5.20,
λt = 4 ⇒ µ = σ2 = 4, σ = 2 ⇒ µ ± 2σ = 4 ± 2 ∗ 2.

• Using Chebyshev’s theorem, we conclude that at least 3/4
of the time the number of radioactive particles entering the
counter will be anywhere from 0 to 8 during a given
millisecond.
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Poisson Distribution and the Poisson Process VI

• The Poisson Distribution As a Limiting Form of the
Binomial : Theorem 5.6 :
Let X be a binomial random variable with probability dis-
tribution b(x ; n, p). When n → ∞, p → 0, and µ = np
remains constant,

b(x ; n, p)
n→∞

−−−→ p(x ;µ)

(Proof is in Appendix A.27)
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Poisson Distribution and the Poisson Process VI

• The Poisson Distribution As a Limiting Form of the
Binomial : Theorem 5.6 :
Let X be a binomial random variable with probability dis-
tribution b(x ; n, p). When n → ∞, p → 0, and µ = np
remains constant,

b(x ; n, p)
n→∞

−−−→ p(x ;µ)

(Proof is in Appendix A.27)

• If p → 1, we can change p to a value close to 0 by
interchanging what we have defined to be a success and a
failure.
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Poisson Distribution and the Poisson Process VII

Figure: Poisson density functions for different means.

The shape becomes more symmetric as the mean grows large.
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?

n = 400, p = 0.005 ⇒ µ = np = 2

P(X = 1) = e−221 = 0.271
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?

n = 400, p = 0.005 ⇒ µ = np = 2

P(X = 1) = e−221 = 0.271
ii What is the probability that there are at most three

days with an accident?
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?

n = 400, p = 0.005 ⇒ µ = np = 2

P(X = 1) = e−221 = 0.271
ii What is the probability that there are at most three

days with an accident?
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Poisson Distribution and the Poisson Process VIII

• Example 5.22 : The probability of an accident in a certain
industrial facility on any given day is 0.005 and accidents
are independent of each other.

i What is the probability that in any given period of 400
days there will be an accident on one day?

n = 400, p = 0.005 ⇒ µ = np = 2

P(X = 1) = e−221 = 0.271
ii What is the probability that there are at most three

days with an accident?

P(X ≤ 3) =

3
∑

x=0

e−22x

x!
= 0.857
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Poisson Distribution and the Poisson Process IX

• Example 5.23 : In a manufacturing process where glass
products are produced, defects or bubbles occur,
occasionally rendering the piece undesirable for
marketing.
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Poisson Distribution and the Poisson Process IX

• Example 5.23 : In a manufacturing process where glass
products are produced, defects or bubbles occur,
occasionally rendering the piece undesirable for
marketing.

• It is known that, on average, 1 in every 1000 of these items
produced has one or more bubbles.
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Poisson Distribution and the Poisson Process IX

• Example 5.23 : In a manufacturing process where glass
products are produced, defects or bubbles occur,
occasionally rendering the piece undesirable for
marketing.

• It is known that, on average, 1 in every 1000 of these items
produced has one or more bubbles.

• What is the probability that a random sample of 8000 will
yield fewer than 7 items processing bubbles?
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Poisson Distribution and the Poisson Process IX

• Example 5.23 : In a manufacturing process where glass
products are produced, defects or bubbles occur,
occasionally rendering the piece undesirable for
marketing.

• It is known that, on average, 1 in every 1000 of these items
produced has one or more bubbles.

• What is the probability that a random sample of 8000 will
yield fewer than 7 items processing bubbles?

• Solution:

n = 8000, p = 0.001 ⇒ µ = np = 8

P(X ≤ 7) =

6
∑

x=0

b(x ; 8000, 0.001) ≈

6
∑

x=0

p(x ; 8) = 0.3134


	Negative Binomial and Geometric Distributions
	Poisson Distribution and the Poisson Process

